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Nomenclature
M=Mach number
ps = model surface pressure,kN/m2

qs = model surface heat transfer rate, MW/m2

rb = model base radius, cm
rn = sphere nose radius, cm
t = time after arrival of incident shock in acceleration gas, ^s
t* = time required for shock standoff distance to obtain a

steady-state value,/^
d = shock standoff distance as function of time, cm
A = steady-state shock standoff distance, cm
e = normal shock density ratio
T =time interval between incident shock in acceleration gas

and the interface,/is
Subscripts
5 = test gas freestream conditions
20 = acceleration gas freestream conditions

Introduction

DUE to the relatively short test-flow duration of
the Langley expansion tube (approximately 100-300 /LS) ,

the time required to establish quasi-steady flow about a test
model is an important consideration in data analysis. The ex-
pansion tube operating sequence differs from other hyper-
sonic-hypervelocity impulse facilities since the test model is
subjected to the acceleration gas flow prior to the test gas
flow. Although results from studies of flow establishment
times for blunt bodies in shock tubes (see Refs. 1-5) provide a
guide, they are not directly applicable to the expansion tube.
The purpose of this Note is to present flow establishment
results as inferred from shock standoff distance, pressure,
and heat transfer measurements in the Langley expansion
tube. These experimental results were obtained as spinoff
from various studies using helium, air, and CO2 test gases at
freestream velocities from 5-7 km/sec, and are preliminary to
a more comprehensive study.

Apparatus and Tests
The expansion tube is basically a shock tube with a section

of constant-cross-section tube attached to the downstream
end. A weak, low-pressure (secondary) diaphragm separates
this section, denoted as the acceleration section, from the
driven section of the shock tube, which is commonly referred
to as the intermediate section of the expansion tube. The in-
termediate section and acceleration section are evacuated and
filled with the desired test gas and acceleration gas, respec-
tively. For a given test, the acceleration gas was the same as
the test gas, only at a much lower quiescent pressure. Upon
rupture of the primary diaphragm in the shock-tube portion
of the facility, the quiescent test gas is processed by the
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resulting incident shock wave. This shock-heated test-gas flow
encounters and ruptures the secondary diaphragm, thereby
generating an incident shock in the quiescent acceleration gas.
The test gas undergoes an unsteady expansion in the ac-
celeration section; hence, a model positioned at the exit of the
acceleration section is subjected first to the incident shock in
the acceleration gas and then to the shock-heated acceleration
gas prior to the test gas flow. A more detailed description of
the Langley 6-in.-diam expansion tube in presented in Ref. 6,
along with the test-section flow conditions for the three test
gases used in this study.

Shock standoff distance, d was obtained using a single-pass
Z-shaped schlieren system. Two recording systems were used
simultaneously. One used a Xenon arc lamp as a light source
and a high-speed framing camera to record the images.
Camera speeds for the present study provided nominal time
intervals between successive frames of 6.9 or 10.4 /#. This
system was alined slightly off-axis and mirrors were used to
prevent interference with the other system. The second system
used a point light source, having a duration of approximately
150 ns, in conjunction with a still camera. The spark source
for the still camera was alined on axis to yield the accuracy
required for shock shape measurements.6

Model surface pressure ps was measured using miniature
piezoelectric (quartz) transducers in conjunction with charge
amplifiers. These transducers were exposed to the model sur-
face through a hole having a 1.6 mm diam and drilled at any
angle so as to shield the sensing surface of the transducer from
solid contaminants in the post-test flow.

Model-surface heat-transfer rates qs were obtained using
thin-film resistance gages having Pyrex 7740 substrates,
platinum sensing elements, and silicone monoxide insulating
films. These gages were mounted flush with the model surface
and in the stagnation region. Convective heat transfer rate
was determined using the voltage change of the sensing
element during the test period as input to the computational
method of Ref. 7.

Models tested were flat-faced cylinders and a sphere. The
radius of the flat-faced cylinders rb was varied from 0.95-3.81
cm, and the radius of the sphere rn was 3.18 cm. Models were
positioned at the acceleration section exit and tested in the
open jet at zero angle of attack.

Results and Discussion
Measured normalized shock standoff distance for flat-

faced cylinders of various radii and a sphere are shown in Fig.
1 as a function of test time t. Test gases are air (Fig. 1 a) and
CO2 (FIG. 1 b) at freestream Mach numbers, M5 of 7.7 and
9.2, and normal shock density ratios, e of 11.1 and 18.8,
respectively. Establishing a zero time t from the film strip was
not possible; hence, the first frame indicating flow about the
model was assumed to correspond to a time equal to half the
time interval between successive frames. Poor shock
resolution of enlargements of each film frame and off-axis
alinement prohibit accurate determination of shock standoff
distance 6; however, the time history of d is believed to be
reasonably accurate. For a given test, values of d for the flat-
faced cylinder models were adjusted (up to 25%) to improve
agreement between these values at times corresponding to
essentially constant 6 with the quasi-steady shock standoff
distance, A obtained with the still camera at time t equal to
140-180 jLts. Also shown in Fig. 1 are predicted8'9 A for the ac-
celeration gas flow and test gas flow. The time interval bet-
ween arrival of the incident shock and the interface was in-
ferred previously6 to be 25-30 ^s for air and CO2.

The flat-faced cylinder res.ults for air show a monotonic in-
crease in d/rb to an essentially constant value for the three
smaller radii; for the largest radius, 5/rb initially increases,
then decreases and finally increases to a nearly constant value.
Similar trends are observed for CO2. Thus, an effect of rb on
the variation of d/rb with t exists for the present air and CO2
conditions. For air, the shock established symmetrically about
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Fig. 1 Normalized shock standoff distance as a function of time for
air and CO2. a) Air; M5 =7.7, e = 11.1; b) CO2; M5 =9.2, e= 18.8.

the flat-faced cylinder model for the two smaller radii;
however, a complex, asymmetric shock existed about the
models having radii of 2.86 and 3.81 cm for roughly the first
35jU5 and 55 jus, respectively. An asymmetric shock develop-
ment was also observed for the larger rb of the CO2 tests. For
all tests with the flat-faced cylinder models, an essentially
steady, symmetric shock existed for t greater than 60 ^s9 or so.
Hence, the time required for flow establishment at these con-
ditions represents less than 25% of the 250 ps test period.6
The time required for 5/rn for the sphere to obtain a near con-
stant value is roughly 1A that for a flat-faced cylinder of the
same radius. The more rapid flow establishment time for a
sphere is expected in view of the results of Refs. 3, 10, and 11,
which may be combined to show the ratio of establishment
time (defined as the time required for d to equal 0.98 A) for a
flat-faced cylinder to that for a sphere is approximately equal
to 0.77 Ve~-1 (rb/rn). Shock establishment about the sphere
was symmetrical for both air and CO2.

Predicted establishment times from empirical3 and
theoretical12 results indicate a quasi-steady value of d for air
should be obtained for the smallest rb, and nearly obtained
for rb equal to 1.91 cm, prior to interface arrival. Similarly,
prediction2'10 for the sphere shows A should be achieved
during the acceleration air flow. Based on these predictions,d
is expected to decrease upon interface arrival, since A20/rft is
greater than A5/rb and A20/rw is greater than A5/rn. Possible
nonequilibrium and viscous effects within the shock layer are
expected to be more severe in the lower density acceleration
flow, thereby producing a larger difference in A between the
acceleration and test gas flows than predicted.6 However, no
detectable decrease in d is observed for air, nor for CO2 and
these same models, upon interface arrival. The present time
histories of 5 do not appear to provide a means for deter-
mining the time of interface arrival,r.

Variation of stagnation-point surface pressure ps with time
for a flat-faced cylinder is shown in Fig. 2 a for CO2 test gas.
Response of the pressure instrumentation is good (less than 5
/xs, or so) as indicated by the initial pressure increase
corresponding to incident shock arrival. This pressure history
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Fig. 2 Surface pressure and heat transfer rate as a function of time
for a flat-faced cylinder with r fc=2.86 cm. a) Stagnation-point
pressure; b) Heat-transfer rate.

indicates that the time interval T is approximately 25-30 /^,
and the ps becomes constant (within ±20%) with time
roughly 70 ^s after incident shock arrival. Similar flat-faced
cylinder pressure histories obtained for air test gas also yield
establishment times for ps somewhat larger than inferred
from measured 6; however, experimental uncertainties
preclude any conclusion concerning these relatively small dif-
ferences in inferred establishment time. Predictions10 for a
sphere indicate the ps approaches its steady-state value more
readily than 6, but as noted in Ref. 10, pressure histories for a
sphere may be significantly different than for a flat-nosed
body.

Shown in Fig. 2 b is the stagnation-region surface heat tran-
sfer rate qs as a function of time for a flat-faced cylinder with
rounded corner (corner radius equal to 0.5 body radius) in air
flow, and sharp corner in helium flow. (Rounding the corner
is expected to reduce the flow establishment time somewhat,
since the flat-faced cylinder becomes more sphere-like.) The
time interval r is difficult to define from the thin-film voltage
output for air, but appears to be between 25-40 jus. The qs is
essentially constant for > times greater than 80/zs, thereby
representing a 20-30 i*s increase over the time required to
establish a quasi-steady value of <5. This result may be because
d is primarily an indicator of the time required for the inviscid
flowfield to establish, whereas heat transfer rate depends on
the establishment of the viscous layer as well.

The time required for qs to reach a quasi-steady value for
helium was less than that for air, even though the flat-faced
cylinder model tested in helium had a sharp corner. Time of
arrival of the interface is well defined by the thin-film output
voltage and is equal to 30 jus. Establishment time of qs for
helium was approximately 50/js, and thus implies establish-
ment time-for qs decreases with increasing specific heat ratio.
This trend, but for <5, is predicted 10 for a sphere for the
present test gases.

In conclusion, time histories of shock detachment distance
illustrate the shock formation about the smaller-radii flat-
faced cylinders and the sphere was symmetrical, whereas a
complex, asymmetric formation was observed for the larger-
radii cylinders. These measurements also showed the flow
established more readily about the sphere than a flat-faced
cylinder of the same diameter. Model surface pressure and
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heat transfer rate time histories provide information on the
time of arrival of the acceleration gas-test gas interface,
whereas shock standoff distance time histories do not. This
implies the shock standoff distance is not as sensitive to
change in flow conditions as pressure and heat transfer rate
for these expansion tube tests. Heat transfer results revealed
flow establishment for helium test gas is more rapid than for
air test gas. The present measurements demonstrate that
quasi-steady flow exists about relatively large, blunt models
during two-thirds of the approximate 250 /us expansion tube
test period.
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Technical Comments
Comment on "A New Method of

Solution of the Eigenvalue Problem
for Gyroscopic Systems"

Bertrand T. Fang*
Wolf Research and Development Corporation,

River dale, Md.

MEIROVITCH1 considered the following eigenvalue
problem governing the oscillation of gyroscopic systems

\IX+GX=0 (1)

where X is the eigenvalue, X the corresponding eigenvector, /
and G are even-order real nonsingular matrices, the former
symmetric and the latter skew-symmetric. By means of the
nonsingular transformation X=ABY, with A being the or-
thogonal matrix which diagonalizes /, and B, the diagonal
matrix which normalizes the diagonalized 7, Eq. (1) is
transformed to

\BTA TIABY+BTA TGABY= \Y-PY= 0 (2)

where P = —BTATGAB is a skew-symmetric matrix. Thus it is
seen that the eigenvalue problem considered is really
equivalent to a standard eigenvalue problem for a skew-
symmetric matrix P. Traditionally skew-symmetric eigenvalue
problems have not been of much interest, although results
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such as the eigenvalues are conjugate imaginary pairs, the
eigenvectors are orthogonal, etc., are reasonable well-
known2"4 Since efficient algorithms for computing the eigen-
values and eigenvectors of real symmetric matrices are
available,2'5 the skew-symmetric eigenvalue problem may be
solved by noting if X and X are eigenvalue and eigenvector of

(3)P2X=P(PX) =P(\X)=\PX=\2X

That is, X2 and A^'are eigenvalue and eigenvector of P2, which
is a symmetric matrix. A slight complication exists because P2

has a two-fold multiplicity of. all its eigenvalues, and for each
eigenvalue there exists a two-dimensional subspace in which
every vector is an eigenvector. This ambiguity may be resolved
by noting if X, and X2 are a pair of orthonormal eigenvectors
of P2, associated with the eigenvalue X2, then the corre-
sponding eigenvectors of P are X—oiXj ±iaX2. Many of the
results and derivations in Ref. 1 follow immediately from the
previous result. It may also be pointed out that the tran-
sformation from Eqs. (14) and (17) to Eqs. (20) and (22) in
Ref. 1 has been programed as Subroutine NROOT in the IBM
Scientific Subroutine Package.
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